Determinants

Every square matrix has a unique real number associated to it, called a determinant.

Consider the nxn matrix
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Definition

Determinant of a 2x2 matrix.

det[a b}zad—bc
c d

Example

1 2 5 6
det L} 4} = 1(4)-2(3) = -2 ole{_10 _8} = 5(~8)—6(~10) = 20

Definition

The minor of the entry a, denoted by M " is the determinant of the submatrix after

removing the i" rowand j™ column of the matrix A.
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M = deth 2} =3(2)-1(6)=0 M= ole{3 J =1(1)-5(3) = 14

15
M., = ole{0 J =1(1)-5(0) =1



Definition
The cofactor of the entry a, of a matrix A, denoted by Cij , IS given by
Cij = (-] Mij
Going back to the previous example,
1+1
Cll :(_1) M11:M11:0

Cy = (-1)**M,, = —14

C32 = (_1)3+2 M32 == M32 =-1

Determinants using cofactor expansion

If an nxn matrix A is defined as previously, then

det A = Zaij -Gy (cofactor expansion about the i" row)
j=1

detA = Zaij -C; (cofactor expansion about the j™ column)
i=1
Examples
1 2 3
1 a det|4 5 6|=a,C,+a,C,+a,-C, (cofactor expansion about 1% row)
7 89

5 6 4 6 4 5
= 1(~1)"" det +2(~1)*2 det +3(=1)"3 det
8 9 79 7 8

— (45— 48) — 2(36 —42) +3(32-35) =—3+12-9=0



123
b. det |4 5 6| =a,-C,+a,-Cy+a,-C, (cofactor expansion about 3" column)
789
4 5 1 2 1 2
= 3(~1)""° det + 6(—1)°*° det +9(-1)* det
7 8 7 8 4 5
= 3(32-35)-6(8-14)+9(5-8) =-9+36-27=0
1 0
2.a det|-2 2 0|=1.C,+2-C,+0-C,
1 3
2 0 -2 0
= 1-det —2-det = 6-2-(-6) =18
4 3 1 3
1 20
b. det |-2 2 0|=0-C,+0-C,+3-Cy
1 3

1 2
:3.de{ }=3(2+4)=18
2 2

Properties of Determinants

1. If a matrix has a row of zeros, then its determinant is zero.
2. For any square matrices A and B, det(AB)=det A-detB.
3. If two rows of matrix A are interchanged to produce matrix B, detB=—det A.

4. When matrix B is obtained from A by multiplying a row of A by a nonzero
constant ¢, detB =cdet A.

5. When matrix B is obtained by adding a multiple of a row of A to another row of A,
det B =det A.



a, ~ * a;, O
O a . . . *
6 det ,_22 N = det 22
0 0 a * *

1 0 1 20 1 2
det |-2 2 5|=det|0 6 5|=det |0 6
1 8 3] 0 6 3 00
1 0 3 0] 1 0 30 1
0 2 15 0 215 0
det = det = —det
-2 1 0 4 0 1 6 4 0
0 2 0 0 0200 0
1 0 3 0
01 6
=11.det
0 0 1 3/11
0 0 -12 -8
Theorem 4

If an nxn matrix A is invertible (it has an inverse),

1

det A = —_1
det A

Proof

AA =1

n

det AA™' = det]n

det A-det A" =1 (apply properties of determinants)
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det A =
det A™*
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(apply determinants on both sides)



Geometry of Determinants

A (a+c,b+d)
(c, d)

ad - bc

(a, b)

(0, 0)

a ¢
Let A= { b d } . The area of the parallelogram formed by the columns of A is

precisely |det A|.

b e
a'1 bl Cl
Let A= [é b 6} =|a, b, c,|. Thevolume of the parallelepiped formed by
a3 b3 C3

the columns of A is precisely |det A|.



Homework

-3 6 9
1. Find the determinantof A=| 9 12 -3| using
0 15 -6

a. cofactor expansion about the 2" column;
b. cofactor expansion about the 2" row;
c. properties of determinants;

2. Find the determinant of

1 0 3 0
0 215
C=
-2 1 0 4
0 200
3. True or False
a. For any matrices A and B det(A+ B) = det(A) + det(B)
b. For any matrix A and any constant ¢, det(c- A) =c-det(A)
C. If a matrix has a row of zeros, then its determinant must be zero.

d. If det A=0, the matrix A has no inverse.



